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SPECHT PROPERTY FOR THE 2-GRADED IDENTITIES OF
THE JORDAN SUPERALGEBRA OF A BILINEAR FORM
DIOGO DINIZ AND MANUELA DA SILVA SOUZA
Abstract. Let K be a field of characteristic zero and V a vector space of
dimension m > 1 with a nondegenerate symmetric bilinear form f : V × V →
K. The Jordan algebra Bm = K ⊕ V of the form f is a superalgebra with
this decomposition. We prove that the ideal of all the 2-graded identities of
Bm satisfies the Specht property and we compute the 2-graded cocharacter
sequence of Bm.
1. Introduction
Let K be a field of characteristic zero and V be a vector space of dimension
m > 1 with a nondegenerate symmetric bilinear form f . The Jordan algebra of
the form f (see [20]) is denoted by Bm. The algebra Bm is important in the class
of Jordan algebras due to a well-known result of Zelmanov [19] that classified, up
to isomorphism, finite dimensional simple Jordan algebras when K is algebraically
closed in one of the following types: Mn(K)
+, the special Jordan algebra of n× n
matrices, Mn(K)
t, the algebra of n × n symmetric matrices with respect to the
transpose involution, M2n(K)
s, the 2n × 2n symmetric matrices with respect to
the symplectic involution, and the algebra Bm when the form is nondegenerate.
These are special simple Jordan algebras, for example, the Clifford algebra of the
form f is an associative enveloping for Bm. The Jordan algebra B of the form f is
defined similarly by replacing a vector space of finite dimension by a vector space
of infinite dimension.
Polynomial identities for these algebras have been studied by a number of re-
searchers. Drensky in [4] obtained a complete description of the relatively free
algebras of the varieties generated by Bm and B denoted by var(Bm) and var(B)
respectively. Furthermore he also established the GLm-module structure of these
algebras and their Hilbert series. Koshlukov has studied the polynomial identities
and the asymptotic behavior of codimensions for the subvarieties of var(Bm) and
var(B) (see [10]). The ideal Id(A) of all identities of an algebra A satisfies the
Specht property if Id(A) itself and all T -ideals containing Id(A) are finitely gener-
ated as T -ideals. Kemer proved that every associative algebra satisfies the Specht
property (see, for example, [9]). Iltyakov [8] proved that the variety of unitary alge-
bras generated by Bm satisfy the Specht property. The analogous result for finitely
generated Jordan PI-algebras was proved by Vai˘s and Zelmanov in [15]. In [16]
Vasilovsky has explicited a finite bases for polynomial identities of B and Bm for
m ≥ 2 over an infinite field of characteristic 6= 2 using ideas developed by Il’tyakov
in [8].
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Other types of identities such as trace identities and graded identities for the
algebra Bm were also studied (see [17], [18], [11]). The decomposition Bm = K⊕V
is a natural Z2-grading and a finite basis for the graded identities was determined
in [11]. The Z2-graded identities of the algebras Bn with other types of gradings
were studied in [17]. We remark that the group gradings of the algebras Bn were
described in [2]. This result was generalized by Martino in [12] for Jn = Bm ⊕Dk
the Jordan algebra with a degenerate bilinear form of rank m, where Dk is the
vector space spanned by the degenerate elements of the basis of a vector space
of dimension n. For associative algebras graded by a finite group it was proved
that every ideal of graded identities is finitely generated ([14], [1]). Concerning Lie
algebras the Specht property for the graded identities of the Lie algebra sl2(K) of
2× 2 traceless matrices was established in [13] for the trivial grading and in [6] for
the other gradings.
In the present paper we prove that the variety of Z2-graded Jordan algebras
generated by Bm = K ⊕ V satisfies the Specht property and we compute the 2-
graded cocharacter sequence of Bm.
2. Preliminaries
Throughout the paper K is a field of characteristic zero and all vector spaces
and algebras are considered over K. Let Vm be a vector space of dimension m
with a nondegenerate symmetric bilinear form f : V × V → K. The vector space
Bm = K ⊕ Vm with the multiplication defined by
(α+ u)(β + v) = (αβ + f(u, v)) + (αv + βu), α, β ∈ K,u, v ∈ V,
is a Jordan algebra. We set (Bm)0 = K, (Bm)1 = Vm and obtain the structure of
a Jordan superalgebra on Bm.
Let Z = X ∪ Y be the disjoint union of two countable sets. The free Jordan
algebra J(Z) freely generated by Z has a Z2-grading
J(Z) = J(Z)0 ⊕ J(Z)1,
where J(Z)0 (resp. J(Z)1) is the subspace generated by the monomials with an
even (resp. odd) number of variables in Y .
A homomorphism Θ : A = A0 ⊕ A1 → B = B0 ⊕ B1 of Z2-graded algebras is
graded if Θ(Ai) ⊆ Bi, i ∈ Z2. A mapping θ : Z → A such that θ(X) ⊆ A0 and
θ(Y ) ⊆ A1 can be uniquely extended to a graded homomorphism Θ : J(Z) → A.
The set of polynomials f(x1, . . . , xk, y1, . . . , yn) such that f(a1, . . . , ak, a
′
1, . . . , a
′
n) =
0 for every a1, . . . , ak ∈ A0, a
′
1, . . . , a
′
n ∈ A1 is an ideal of J(Z). Such ideal, denoted
by Id2(A) is invariant under all graded endomorphisms of J(Z) and is called a T2-
ideal. An element of Id2(A) is a graded polynomial identity for A. If S ⊆ Id2(A)
is a set of polynomials such that Id2(A) is the intersection of all T2-ideals of J(Z)
containing S we say that this set is a basis for Id2(A). The variety of Z2-graded
Jordan algebras determined by A satisfies the Specht property if every T2-ideal
containing Id2(A) admits a finite basis.
The T2-ideal Id2(A) is graded,i.e.,
Id2(A) = Id2(A) ∩ J(Z)0 ⊕ Id2(A) ∩ J(Z)1,
and therefore the quotient algebra J(Z)/Id2(A), denoted by J(A), admits a natural
grading that makes the quotient map a graded homomorphism. The algebra J(A)
is the relatively free algebra in the variety determined by A.
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The study of the graded identities of an algebra A in characteristic zero can be
reduced to the study of the multilinear ones. For every n + k ≥ 1 and k ≥ 0 the
vector space Pk,n of the multilinear polynomials of degree n+k in the variables x1,
. . ., xk, y1, . . ., yn is a Sk × Sn-module under the action
(λ, µ)f(x1, . . . , xk, y1, . . . , yn) = f(xλ(1), . . . , xλ(k), yµ(1), . . . , yµ(n))
and this in turn induces a structure of the Sk × Sn-module to the space
Pk,n(A) =
Pk,n
(Pk,n ∩ Id2(A))
.
Let
χk,n(A) = χk,n(Pk,n(A)) =
∑
mσ,τχσ ⊗ χτ
be the decomposition of χk,n(A) the (k, n)-th cocaracter of A into irreducible Sk ×
Sn-characters.
We recall some results about finite basis property (or well-quasi-ordering). For
more detailed background see [7].
A relation a ≤ b on a set A is a quasi-order if it is reflexive and transitive. If B
is a subset of a quasi-ordered set A, the closure of B, denoted by B, is defined as
B = {a ∈ A : ∃ b ∈ B such that b ≤ a}. We say that B is a closed subset when
B = B. The quasi-ordered set (A,≤) has the finite basis property if every closed
subset of A is the closure of a finite set. Next we state some alternative definitions
of this property.
Theorem 1. The following conditions on a quasi-ordered set A are equivalent.
(1) Every closed subset of A is the closure of a finite subset;
(2) If B is any subset of A, there is a finite B0 such that B0 ⊂ B ⊂ B0;
(3) Every infinite sequence of elements {ai}i≥0 of A has an infinite ascending
subsequence ai1 < ai2 < · · · < aik < · · · .
The next proposition is immediate using condition (3).
Proposition 1. If (A1,≤1), . . ., (Ak,≤k) have the finite basis property than (A1×
· · · × Ak,≤) has the finite basis property where (a1, . . . , ak) ≤ (b1, . . . , bk) if and
only if ai ≤i bi for all i ∈ {1, . . . , k}.
3. The graded identities of Bm
A basis for the graded identities of Bm was determined in [11] using the theory
developed in [3]. In this section we recall the necessary results and definitions from
these articles.
The polynomials
(1) (x1z1)z2 − x1(z1z2),
where z1 ∈ {x1, y1} and z2 ∈ {x2, y2}, are graded identities for Bm. Moreover we
have the following:
Proposition 2. [11, Corollary 21] The graded identities (1) together with the iden-
tity ∑
σ∈Sm+1
(−1)σyσ(1)(ym+1yσ(2)) · · · (y2m+1yσ(m+1)),
form a basis for the ideal of graded identities of the Jordan superalgebra Bm.
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Amultihomogeneous polynomial f(x1, . . . , xk, y1, . . . , yn) can be written, modulo
Id2(Bm), as
f(x1, . . . , xk, y1, . . . , yn) = x
α1
1 . . . x
αk
k g(y1, . . . , yn)
where g is a polynomial on the variables y’s only.
Now we present some results from [3]. A double tableau is an array
T =


p11 p12 · · · p1m1
p21 p22 · · · p2m2
...
...
. . .
...
pk1 pk2 · · · pkmk
∣∣∣∣∣∣∣∣∣
q11 q12 · · · q1m1
q21 q22 · · · q2m2
...
...
. . .
...
qk1 qk2 · · · qkmk

 ,
where m1 ≥ m2 ≥ · · · ≥ mk and the pij and qij are positive integers. An array
obtained from a double tableau by replacing p11 by 0 is called a 0-tableau. If T is
a double tableau or a 0-tableau we may form from T the single tableau
T ′ =


p11 p12 · · · p1m1
q11 q12 · · · q1m1
p21 p22 · · · p2m2
q21 q22 · · · q2m2
...
...
. . .
...
pk1 pk2 · · · pkmk
qk1 qk2 · · · qkmk


.
We say that T is doubly standard if the tableau T ′ is standard. Recall that the
single tableau
A =


a11 a12 · · · a1m1
...
...
. . .
...
ak1 ak2 · · · akmk


is standard if we have the inequalities
(i) aij < ail, if l > j
(ii) aij ≤ alj , if l ≥ i.
We associate (see [11]) to a tableau T a polynomial, still denoted by T , of J(Bm)
T =
k∏
l=1
det
∣∣(ypli · yqlj )∣∣ , i, j = 1, . . . ,ml.
If T is a 0-tableau the tableau T1 obtained from T by deleting the first line is a
double tableau and we associate to T the polynomial
T =

 ∑
σ∈Sm1
(−1)σyq1σ(1) (yp12 · yq1σ(2)) · · · (yp1m1 · yq1σ(m1))

 · T1.
Notation 1. We denote by Tn and T
0
n the polynomial associated to the tableau
(12 . . . n|12 . . . n) and the 0-tableau (02 . . . n|12 . . . n) respectively.
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Let A be a standard single tableau of the form
A =


1 2 3 · · · k1 τ1 . . .
1 2 3 · · · k2 τ2 . . .
...
...
...
...
1 2 3 · · · ks τs . . .
τs+1


,
where τi > ki + 1, i = 1, . . . , s and τs+1 > 1. Since A is standard we have
(2) k1 ≥ k2 ≥ · · · ≥ ks.
Let hi(A) denote the number of times the number i− 1 appear in the sequence (2)
for i = 2, . . . , n. Thus, for example, h2(A) is the number of rows starting with 1τ ,
τ > 2, h3(A) is the number of rows starting with 12τ , τ > 3, etc. Consider the
tableau obtained from A by deleting the 1 in each of the h2(A) rows of A starting
with 1τ , τ > 2 and replacing it with 2, then deleting the 1 in each of the h3(A)
rows starting with 12τ , τ > 3, replacing it with a 3, and so on. If we reorder the
elements in each row the resulting tableau, which is denoted by F (A) is standard.
Notation 2. Let T be a double tableau and T ′ the corresponding single tableau
associated to T . We denote by F (T ) the double tableau for which the corresponding
single tableau is F (T ′).
Let λ2, . . . , λn be arbitrary scalars. We substitute in the linear combination
p =
∑
ciTi
of distinct doubly standard tableau the variable y1 by y1+
∑n
i=2 λiyi. The resulting
polynomial in J(Bm) is
(3)
∑
λh22 λ
h3
3 · · ·λ
hn
n Ph2...hn .
We consider the lexicographical order on the tuples (h2, . . ., hn). The next remark is
a simple adaptation of the discussion in [3, Section 1] (see also the proof of Lemma
5.4 in [3]).
Remark 1. The polynomial in (3) corresponding to the maximal (h2, . . . , hn) is
p =
∑
j
ǫjcjF (Tj),
where ǫj = ±1, and the sum is taken from the doubly standard tableaux Tj for
which (h2(T
′
j), h3(T
′
j) . . . hn(T
′
j)) is maximal. Moreover the doubly standard tableaux
F (Tj) are pairwise distinct.
Proposition 3 ([11], Proposition 19). Let M be the subalgebra of J(Bm) generated
by the variables in Y . The doubly standard tableau form a basis of the vector space
M0 = M ∩ J(Bm)0. Moreover the doubly standard 0-tableau form a basis of the
vector space M1 = M ∩ J(Bm)1.
Now we are able to prove our first result. The next remarks will be usefull.
Remark 2. Let h, h′ be polynomials in M1 not depending on y1. Since the bilinear
form in the definition of Bm is nondegenerate the equality hy1 = h
′y1 implies that
h = h′.
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Remark 3. If h(y1, . . . , ym+1) ∈ M0 is a polynomial of degree 1 in yj then there
exists h′ ∈ M1 such that h = h
′yj. To prove this claim note that by renaming the
variables we may assume that j = 1. We write h as a linear combination of doubly
standard tableaux. The standard nature of the tableaux imply that the leftmost entry
in the first row is 1 and this proves the claim.
Proposition 4. Let g(y1, . . . , ym) be a multihomogeneous polynomial of J(Bm) that
for any scalars λ2, . . . , λm is invariant under the substitution y1 ≡ y1 +
∑m
i=2 λiyi.
Then there exists a polynomial h(y2, . . . , ym) such that one of the following equalities
hold:
(i) g(y1, . . . , ym) = (Tm)
kh(y2, . . . , ym),
(ii) g(y1, . . . , ym) = (Tm)
k′T 0mh(y2, . . . , ym),
where k, k′ ≥ 0. Moreover if g lies in J(Bm)0 then the equality that holds is (i).
Proof. We first consider the case g ∈ J(Bm)0. It follows from the previous propo-
sition that we may write
(4) g =
∑
ciTi, ci 6= 0
as a linear combination of pairwise distinct doubly standard tableau. The invariance
of g and Remark 1 imply that h2(T
′
i ) = h3(T
′
i ) = · · · = hm(T
′
i ) = 0 for every Ti
in (4). Since the variables appearing in g are y1, . . . , ym this implies that the entry
1 only appears in the rows of Ti that are equal to (12 . . .m|12 . . .m). If ki is the
number of such rows we have 2ki = degy1g. Let k be the common value of the
ki. For every Ti appearing in (4) we have Ti = (Tm)
kT̂i, where T̂i is the tableau
obtained from Ti by deleting the rows in which the entry 1 appears. Hence g is
decomposed as in (i).
Assume now that g ∈ J(Bm)1 and write gym+1 as in (4). Note that h2(T
′
i ) =
h3(T
′
i ) = · · · = hm(T
′
i ) = 0 for every Ti appearing gym+1. Hence the entry 1 only
appears in the rows of Ti equal to (12 . . .m|12 . . .m) or (12 . . .m|2 . . .m+1). This
last row appears at most once, it appears if degy1g is odd and does not appear
otherwise. Let ki be the number of rows in Ti that are equal to (12 . . .m|12 . . .m).
If (12 . . .m|23 . . .m + 1) does not appear in Ti we have 2ki = degy1g. There-
fore in this case for every Ti appearing in gym+1 we have Ti = (Tm)
kT̂i, where
k = degy1g/2. Hence gym+1 = (Tm)
kh(y2, . . . , ym+1) and it follows from Re-
mark 2 and Remark 3 that g is as in (i). If (12 . . .m|23 . . .m + 1) appears in
some Ti we have 2ki + 1 = degy1g and thus it appears in every Ti. The polyno-
mial associated to the tableau (12 . . .m|23 . . .m + 1) is ±T 0mym+1. In this case
gym+1 = ((Tm)
kT 0mh(y2, . . . , ym))ym+1, where k = (degy1g − 1)/2. From this last
equality and Remark 2 we conclude that g is as in (ii). 
4. The main results
We denote by Mm the subalgebra of J(Bm) generated by y1, . . . , ym. Let W
denote the subspace of J(Bm) generated by y1, . . . , ym and GLm the group of
invertible linear transformations of W . The canonical action of GLm on Mm turns
this subalgebra into a GLm-module. We refer the reader to [5] for basic facts
regarding polynomial representations of GLm and applications to algebras with
polynomial identities.
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Lemma 1. [5, Theorem 2.2.11] Let g(y1, . . . , ym) be a multihomogeneous polyno-
mial of Mm. The GLm-module generated by g(y1, . . . , ym) is an irreducible module
if and only if for any scalars λij 1 ≤ i < j ≤ m it is invariant under the substitu-
tions
(5) yj ≡ λ1jy1 + · · ·+ λj−1jyj−1 + yj j = 1, 2, . . . ,m.
Next we apply this lemma and Proposition 4 to determine generators of the
irreducible submodules of Mm. The following notation will be usefull.
Notation 3. Given a polynomial g(y1, . . . , ym) in Mm we denote ĝ(y1, . . . , ym)
the polynomial g(ym, . . . , y1). Denote by Sm the polynomial corresponding to the
tableaux (012 . . .m− 1|12 . . .m). We have T̂ 0m = ±Sm.
Note that the polynomial g(y1, . . . , ym) in Mm is invariant under the substitu-
tions
ym ≡ λ1y1 + . . . λm−1ym−1 + ym,
for any λi ∈ K if and only if ĝ(y1, . . . , ym) = g(ym, . . . , y1) is invariant under the
substitutions
(6) y1 ≡ y1 +
m∑
i=2
λiyi,
for any λi ∈ K.
Corollary 1. The polynomial g(y1, . . . , ym) ∈ Mm generates an irreducible GLm-
submodule of Mm if and only if it is up to multiplication by a scalar one of the
polynomials
(7) (Sm)
δm · · · (S1)
δ1(Tm)
km · · · (T1)
k1
where k1, . . . , km ≥ 0, δl ∈ {0, 1} and δl 6= 0 for at most one index l ∈ {1, . . . ,m}.
Proof. We prove the result by induction on m. If m = 1 the result is obvi-
ous. Now let g(y1, . . . , ym) ∈ Mm generate an irreducible submodule. If follows
from Lemma 1 that ĝ is invariant under the substitutions (6). It follows from
Proposition 4 that we have two possibilities: (i) ĝ = (Tm)
kh(y2, . . . , ym) or (ii)
ĝ = (Tm)
k′T 0mh(y2, . . . , ym). In the first case we obtain g = (Tm)
kh′(y1, . . . , ym−1).
It is clear that h′ is invariant under the substitutions (5) and the result follows. In
the second case g = ±(Tm)
k′Smh
′(y1, . . . , ym−1) with h
′ invariant under the sub-
stitutions (5). Note that this occurs only if g lies in J(Bm)1 and in this case h
′ lies
in J(Bm)0. The induction hypothesis applied to h
′ implies that it is up to scalar
of the form (Tm−1)
km−1 · · · (T1)
k1 . 
Example 1. The algebra B2 of 2× 2 symmetric matrices over K with the Jordan
product a◦b = (ab+ba)/2 is a Jordan algebra of a nondegenerate symmetric bilinear
form on a vector space of dimension 2. In this case g(y1, y2) ∈ M2 generates an
irreducible GL2-submodule of M2 if and only if it is up to multiplication by a scalar
one of the polynomials
(y21y
2
2 − (y1y2)
2)k2y2k11 if g ∈ J(B2)0;
(y21y
2
2 − (y1y2)
2)k2y2k1+11 or (y
2
1y
2
2 − (y1y2)
2)k2(y¯1y1y¯2)y
2k1
1 if g ∈ J(B2)1.
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Recall that any result on homogeneous polynomial identities obtained in the lan-
guage of representations of the general linear group is equivalent to a corresponding
result on multilinear polynomial identities obtained in the language of representa-
tion of the symmetric group. The complete linearization of a highest weight vector
associated to an irreducible GL1 ×GLm-module generates an irreducible Sk × Sn-
module. As a consequence we have the description of the 2-graded cocharacter
sequence of Bm.
Theorem 2. Let
χk,n(Bm) =
∑
λ⊢k, µ⊢n
mλ,µχλ ⊗ χµ
be the (k, n)-th cocharacter of Bm. Then, for every λ ⊢ k and µ ⊢ n, mλ,µ ≤ 1.
Moreover, mλ,µ = 1 if and only if λ = (k), µ = (rm, . . . , r1) is a partition of n such
that at most one ri is odd.
Now we proceed to prove that Bm has the Specht property. We will need the
following:
Lemma 2. Let T˜k, S˜k, k = 1, 2, . . . be polynomials in J(Z) such that the image of
T˜k, S˜k under the canonical homomorphism are the polynomials Tk, Sk in J(Bm)
respectively. The set of polynomials
(8) xk01 (S˜m)
δm · · · (S˜1)
δ1(T˜m)
km · · · (T˜1)
k1 ,
where k0, . . . , km ≥ 0, δl ∈ {0, 1} and δl 6= 0 for at most one index l ∈ {1, . . . ,m},
has the following property: given any subset S there exists a finite subset Ŝ ⊆ S
such that any polynomial in S is the consequence of a polynomial in Ŝ ∪ Id2(Bm).
Proof. To prove this we define in N2m+1 the partial order ≤ as follows:
(δ1, . . . , δm, k0, . . . , km) ≤ (δ
′
1, . . . , δ
′
m, k
′
0, . . . , k
′
m) if δi ≤ δ
′
i, kj ≤ k
′
j for all i, j.
Clearly the above inequality implies that x
k′0
1 (S
0
m)
δ′m · · · (S01)
δ′1(Tm)
k′m · · · (T1)
k′1 is
obtained from xk01 (Sm)
δm · · · (S1)
δ1(Tm)
km · · · (T1)
k1 by multiplication by a suitable
element of J(Bm). By Proposition 1 the set N
2m+1 with the partial order above
has the finite basis property and this implies the result. 
Next we prove our main result.
Theorem 3. The ideal Id2(Bm) of Z2-graded identities of Bm = K ⊕ V has the
Specht property.
Proof. Let I be a T2-ideal containing Id2(Bm). Henceforth we say that two sets
of polynomials S and S′ in J(Z) are equivalent if S ∪ Id2(Bm) and S
′ ∪ Id2(Bm)
generate the same T2-ideal. We claim that for every multilinear polynomial g in I
there exists a set of polynomials Sg ⊆ I of polynomials of the form (8) such that
{g} and Sg are equivalent. Let S = ∪Sg, where the union is over all multilinear
polynomials g in I. Since the field is of characteristic zero this implies that I is
generated by S ∪ Id2(Bm). Hence the previous lemma and Proposition 2 imply the
theorem. Let g(x1, . . . , xk, y1, . . . , yn) be a multilinear element in I. We work in
the relatively free algebra J(Bm) and denote by ϕ : J(Z) → J(Bm) the canonical
homomorphism. The group Sn acts on the odd variables of ϕ(g). We decompose
this module, denoted by M , into a direct sum of irreducible modules
M =M1 ⊕ · · · ⊕Mq,
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and let pi be a generator of the Sn-module Mi. A set of q polynomials {P1, . . . , Pq}
such that ϕ(Pi) = pi is equivalent to {g}. The result is proved once we prove that
each Pi is equivalent to a finite set of polynomials of the form (8). Let λ ⊢ n
be the partition of n corresponding to Mi. We write pi = x1 · · ·xkp
′
i(y1, . . . , yn)
and note that the Sn-module generated by p
′
i is isomorphic as an Sn-module to
Mi. Since dimV = m we conclude that λm+1 = 0. Then p
′
i is symmetric in m
disjoint sets of variables and we may identify the variables in each set to obtain a
multihomogeneous polynomial qi(y1, . . . , ym). The complete linearization of qi is
p′i. We decompose the GLm-module generated by qi and let q
1
i , . . . , q
r
i be generators
of its irreducible components. Thus Corollary 1 implies that each qji is up to scalar
a polynomial of the form (7) and hence xk1q
j
i is the image under the canonical
homomorphism of a polynomial Qji of the form (8). The linearization polynomial
xk1qi is up to multiplication by scalar pi. The set Si = {Q
1
i . . . Q
r
i } is equivalent to
{Pi}. Hence Sg = S1 ∪ · · · ∪ Sq is equivalent to {g}. 
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